Abstract. A pair of points (x, y) in a Riemannian manifold (M, g) is said to have the finite blocking property if there is a finite set P ⊂ M \ {x, y} such that every geodesic segment from x to y passes through a point of P . We show that for every closed C ∞ manifold M of dimension at least two and every pair (x, y) ∈ M × M , there exists a dense G δ set, G, of C ∞ Riemannian metrics on M such that (x, y) fails to have the finite blocking property for every g ∈ G.
Introduction
Let M be a closed C ∞ manifold, and let g be a C ∞ Riemannian metric on M. We consider a geodesic as a mapping γ : I → M , where I is an interval of positive length, and γ is parametrized by arc length. Two geodesics γ i : I i → M , i = 1, 2 will be considered to be the same if and only if γ 1 = γ 2 • ϕ, where ϕ is a translation that maps I 1 onto I 2 . Let x and y be points in M , possibly with x = y. When we say that a geodesic γ : [c, d] → M is from x to y, we mean γ(c) = x and γ(d) = y.
Given a Riemannian metric g on M , a blocking set for (x, y) is defined to be a subset P of M \{x, y} such that every geodesic from x to y passes through a point in P . The pair (x, y) ∈ M × M is said to have the finite blocking property for g if there exists a finite blocking set for (x, y). If every (x, y) ∈ M × M has the finite blocking property, then (M, g) is called secure. (See [7] and [4] for an explanation of this terminology.) A Riemannian manifold (M, g) is called insecure if it is not secure, and it is called totally insecure if no pair (x, y) has the finite blocking property. Furthermore, it is called uniformly secure if there exists a positive integer n such that any pair of points (x, y) has a blocking set with at most n elements.
Given a manifold M, it is natural to ask the following: Question. Which pairs of points (x, y) ∈ M × M and which Riemannian metrics g on M are such that (x, y) has the finite blocking property for g?
Our contribution in this direction is Theorem 1.1 below, which says that any given pair of points (x, y) fails to have the finite blocking property for a dense G δ set of metrics. We will give the proof in Section 3.
We let G denote the set of C ∞ Riemannian metrics on M . For k = 1, 2, . . . , ∞, there exists a complete metric on G whose topology coincides with the C k topology on G. In particular, the Baire category theorem applies to G with the C k topology. When we refer to the C k topology on M × G or M × M × G, we mean the product topology, where we take the manifold topology on M and the C k topology on G.
Theorem 1.1. Let M be a closed C ∞ manifold of dimension at least two, and let G be the space of C ∞ Riemannian metrics on M . The following three statements hold.
(1) Let x and y be two points in M , possibly with x = y. Let G = {g ∈ G : (x, y) fails to have the finite blocking property for g}. Then G contains the intersection of a countable collection of sets that are C 1 -open and C ∞ -dense in G. Thus, G contains a dense G δ set in the C k topology for k = 1, 2, . . . , ∞.
(2) LetG = {(x, y, g) ∈ M × M × G : (x, y) fails to have the finite blocking property for g}. ThenG contains the intersection of a countable collection of sets that are C 1 -open and C ∞ -dense in M × M × G. Thus,G contains a dense G δ set in the C k topology for k = 1, 2, . . . , ∞. (3) LetĜ = {(x, g) ∈ M × G : (x, x) fails to have the finite blocking property for g}. ThenĜ contains the intersection of a countable collection of sets that are
From (2) and (3), we can deduce the following corollary.
Corollary 1.2. Let M be a closed C ∞ manifold of dimension at least two and suppose k ∈ {1, 2, . . . , ∞}.
(1) There exists a dense G δ set G 1 in G with the C k topology, so that for each g ∈ G 1 , there is a dense G δ subset R 1 := R 1 (g) of M × M such that each (x, y) ∈ R 1 fails to have the finite blocking property for g. (2) There exists a dense G δ set G 2 in G with the C k topology, so that for each g ∈ G 2 , there is a dense G δ subset R 2 := R 2 (g) ⊆ M such that for each x ∈ R 2 , (x, x) fails to have the finite blocking property for g.
V.
Bangert and E. Gutkin obtained stronger results for the case when the dimension of M is two and the genus is positive [1] . They proved that if M has genus greater than one, then every Riemannian metric is totally insecure. Moreover, if M has genus one, they showed that non-flat metrics are insecure and a C 2 -open, C ∞ -dense set of metrics are totally insecure. These results provide evidence that (c) follows from (a) in the following conjecture, which originally appeared in [4] and [9] . A proof that (c) implies (b) is given in [8] .
While Conjecture 1.3 concerns the finite blocking property for all pairs of points, Theorem 1.1 shows that the finite blocking property can be destroyed for any given pair of points, under some small perturbation of metric.
In the next section, we will present some results which will be used to prove Theorem 1.1. We refer the reader to [6] for background information about geodesics and conjugate points.
We thank Chris Connell for a helpful conversation that led to an improvement to our original version of Theorem 1.1.
Some preliminary results
We begin with the following classical result by J. P. Serre [12] , [10] , [2] , [11] . Theorem 2.1. Let (M, g) be a closed C ∞ -Riemannian manifold, and let x, y ∈ M . Then there exist infinitely many geodesics from x to y.
The following lemma allows us to "merge" two foliations by geodesics for a Riemannian metric g into a new foliation by geodesics for a small perturbation of g, provided the two original foliations are C ∞ -close. For a, b > 0, we let I a denote the open interval (−a, a) ⊂ R, and we let B b denote the open ball {w ∈ R n−1 : |w| < b}, where n is the dimension of the manifold M under consideration. 
perpendicular (in the metric g) to all the geodesics in (ii). We consider F with the relative topology induced from the
Then there exists an open neighborhood F 0 ⊆ F of f such that for all f 1 , f 2 ∈ F 0 , there existsg ∈ N such that the following conditions are satisfied.
(1)g agrees with g on the complement of
There is a family ofg-geodesics γ p :
. This implies that the map t → f 1 (t, 0) for t ∈ I a , is a geodesic forg as well.
Proof. Let (a i ) 0≤i≤5 and (b j ) 0≤j≤5 be strictly decreasing sequences of positive numbers, where
and let H :
Given f 0 ∈ F , the required open neighborhood F 0 will be chosen so that functions f 1, f 2 ∈ F 0 satisfy the properties given below. We begin by requiring f 1 , f 2 to be sufficiently close to f 0 in the C 0 topology so that
We define φ :
, where '+' denotes the usual vector addition in R n . We have φ(t, p) ∈ R 0,0 , because f
We require f 1 and f 2 to be sufficiently close to f 0 in C ∞ (R 0,0 , M ) so that the following four conditions are satisfied:
, and
We know that, for i = 0, 1, 2, the original metric g satisfies g ∂f i ∂t , ∂f i ∂t = 1, and
We define the required Riemannian metric as
where we interpret Hĝ to be 0 when
Thereforeĝ agrees with g onf (R 2,2 \ R 5,2 ). If
, we may choose F 0 sufficiently small so thatg ∈ N for f 1 , f 2 ∈ F 0 .
To summarize, we have chosen F 0 sufficiently small so that if f 1 , f 2 ∈ F 0 , then (2.1),(2.2),(2.3),(2.4), and (2.5) hold, andg ∈ N . Now we verify that (1), (2), and (3) hold. The region whereĝ is defined and not equal to g is contained inf (R 5,2 ), which is a subset of
, which is conclusion (1) .
Since
It follows from (2.8) that these curves are smooth. Moreover, these curves arẽ
, and the curves t →f (t, p) areĝ-geodesics for all p ∈ B b2 (by (2.6) and (2.7)). This proves conclusion (2) . If
. Therefore theg-geodesic γ 0 is the same as t → f 1 (t, 0), which establishes (3).
We now define a notion of merging for two geodesics. This will be used in Lemma 2.4 below. Definition 2.3. Let M be a C ∞ -manifold, and let g,g be Riemannian metrics on M . Suppose U is an open set in M , t 0 ∈ R, and γ i :
We say that ag-geodesic γ : [r 1 ,ŝ 2 ] → M , merges γ 1 and γ 2 within U if there exist r,s such that r 1 <r < t 0 <s < s 2 , γ(r,s) ⊆ U , γ(t) = γ 1 (t) forr 1 ≤ t ≤r, and
The following lemma allows us to merge two geodesics according to Definition 2.3. K. Burns and G. Paternain have a similar result in the 2-dimensional case [5] .
, then there existsg ∈ N which agrees with g on M \ U , and ag-geodesic γ that merges γ 1 and γ 2 within U .
and (2.9) is satisfied for i = 0 and some choice of r 0 , s 0 . By replacing U by a smaller convex open neighborhood of x 0 , if necessary, we may assume there exist
Sincex 0 and x 0 are not conjugate along
∞ diffeomorphism onto its image, and its image is contained in U. Note that f 0 (0, 0) = x 0 . Moreover, there exist a, b with 0 < a <ã,
, and an open neighborhoodŨ ofx 0 in U such that forx ∈Ũ and A ∈ A, the map
∞ diffeomorphism onto its image, and its image is in U . Now choose V to be an open neighborhood of (x 0 , v 0 ) in T 1 U such that for each (x, v) ∈ V, the geodesicγ with (γ(0),γ ′ (0)) = (x, v) satisfiesx :=γ(−T ) ∈Ũ and there exists A ∈ A with Φ(x, A(ϕ(0))) =γ ′ (−T ). We also require V to be small enough so thatx is sufficiently close tox 0 and A can be chosen sufficiently close to Id, so that f is in the neighborhood F 0 of f 0 given in Lemma 2. 
. Then f i (t, 0) = γ i (t) for t ∈ I a . From Lemma 2.2, we obtaing ∈ N which agrees with g on M \ U so that conclusion (2) of Lemma 2.2 holds. Finally, we define the requiredg-geodesic γ :
where γ 0 is as in Lemma 2.2(2). Lemma 2.5 below allows us to destroy conjugate points along a geodesic by making a small perturbation of the metric. A two-dimensional version of this lemma is contained in [5] .
Lemma 2.5. Let (M, g) be a closed C ∞ Riemannian manifold of dimension n ≥ 2, and let N be an open neighborhood of g in the C ∞ topology. Let x, y ∈ M and suppose γ : [0, L] → M is a g-geodesic from x to y. Let 0 = t 0 < t 1 < · · · < t ℓ = L, where ℓ ≥ 1, and define z k := γ(t k ) for k = 0, . . . , ℓ. Suppose s 0 ∈ (t j , t j+1 ) for some j ∈ {0, . . . , ℓ − 1} and u 0 := γ(s 0 ) is not a self-intersection point of γ (i.e., u 0 / ∈ γ([0, T ] \ {s 0 })). Let U 0 be an open neighborhood of u 0 . Then there existŝ g ∈ N that agrees with g on M \ U 0 such that the following conditions hold:
(
is not conjugate to z k2 along γ|[t k1 , t k2 ] in theĝ metric.
Proof. It suffices to prove the lemma for the case ℓ = 1 and 0 = t 0 < s 0 < t 1 = L, because we can then obtain (2) in the general case through a finite sequence of perturbations of the metric (within N ) corresponding to each possible pair (k 1 , k 2 ) with 0 ≤ k 1 ≤ j and j + 1 ≤ k 2 ≤ ℓ. Each successive perturbation adds one more pair (k 1 , k 2 ) such that z k1 is not conjugate to z k2 along γ|[t k1 , t k2 ], and the perturbations can be taken small so that no new conjugacies are introduced between such pairs of points.
We now assume ℓ = 1 and 0 = t 0 < s 0 < t 1 = L . By perturbing s 0 slightly, if necessary, we may assume that x is not conjugate to u 0 along γ|[0, s 0 ]. We may also assume that the open neighborhood U 0 of u 0 is chosen so that {t ∈ [0, L] : γ(t) ∈ U 0 } = (s 0 − η, s 0 + η) for some η with 0 < η < min(s 0 , t 1 − s 0 ). Let U be an open neighborhood of x disjoint from U 0 . Suppose τ ∈ (0, s 0 − η) is such that γ|[0, τ ] is one-to-one, and whenever 0 < t ≤ τ, x is not conjugate to γ(t) along γ|[0, t], and γ(t) is not conjugate to y along γ|[t, L]. Let E 1 , . . . , E n be C ∞ vector fields along γ|[0, τ ] with γ ′ (t) = E n (γ(t)) for t ∈ [0, τ ]. Let Φ and ϕ be as in (2.10) and (2.11) for u ∈ γ([0, τ ]). Since x is not conjugate to u 0 along γ|[0, s 0 ], there existã,b > 0 such that the map f 1 (t, p) := exp x,g (Φ(x, (t + s 0 )ϕ(p)), defined for (t, p) ∈ Iã × Bb, is a C ∞ diffeomorphism onto its image, and its image is in U 0 . (The 'g' in the subscript indicates we are referring to the exponential map for the metric g. ) There exist a, b,δ with 0 < a <ã, 0 < b <b, 0 <δ < τ , such that the map f 2 (t, p) := expx ,g (Φ(x, (t + s 0 − δ)ϕ(p)), defined for (t, p) ∈ I a × B b is a C ∞ diffeomorphism onto its image, and its image is in U 0 for anyx := γ(δ) with 0 < δ <δ. Let f 0 be the restriction of f 1 to I a × I b , and let F 0 be as in Lemma 2.2. We choose δ sufficiently small so that f 2 ∈ F 0 . Since
) is a subset of U 0 , Lemma 2.2 implies that there is aĝ ∈ N which agrees with g on M \ U 0 and Lemma 2.2(2) holds withg replaced byĝ. We also obtain Lemma 2.2(3) withg replaced byĝ, because f 1 (t, 0) = f 2 (t, 0) for t ∈ I a . Therefore γ is also a geodesic forĝ. For p ∈ B b/4 , let γ p be as in Lemma 2.2(2) and define
Then σ p is aĝ-geodesic that merges, within U 0 , a g-geodesic originating at x with initial velocity Φ(x, ϕ(p)) and a g-geodesic that is atx with velocity Φ(x, ϕ(p)) at time δ. Thus, for p ∈ B b/4 ,
Sincex is not conjugate to y along γ|[δ, L] in the metric g, expx ,g is locally a diffeomorphism near (L − δ)γ ′ (δ). By (2.13), this implies that exp x,ĝ is locally a diffeomorphism near Lγ ′ (0). Therefore x is not conjugate to y along γ in theĝ metric.
A geodesic lasso is defined to be a closed curve which is a geodesic except at one point, where it fails to be regular. The following Lemma 2.6 allows us to perturb a geodesic so that it avoids a finite set of points on M , and it also allows us to change a closed geodesic to a geodesic lasso. Lemma 2.6. Let (M, g) be a closed C ∞ Riemannian manifold of dimension n ≥ 2, and let N be an open neighborhood of g in the C ∞ topology. Let x, y ∈ M and suppose γ : [0, L] → M is a g-geodesic from x to y. Let Z be a finite set of points in M such that x, y ∈ Z. Let {t ∈ [0, L] : γ(t) ∈ Z} = {t k : k = 0, . . . , ℓ}, where Since x is not conjugate to z k along γ|[0, t k ] for k = 1, . . . , ℓ, and exp x,g is locally a diffeomorphism near 0 ∈ T x M , there exist neighborhoods V k of t k γ ′ (0) in T x M , for k = 0, . . . , ℓ, such that the maps exp x,g : V k → M are diffeomorphisms onto their images. Also, (2.14)
By the continuity of exp x,g , we can choose W 1 sufficiently small so that (2.14) still holds for γ replaced by any g-geodesic
and let V be an open neighborhood of (u 0 , v 0 ) in T 1 U 0 satisfying the conclusion of Lemma 2.4 (with U replaced by U 0 and x 0 replaced by u 0 ). In addition to the requirements of the preceding paragraph, we require W 1 and W 2 to be sufficiently small so that if
By Lemma 2.4, there exists a metricg ∈ N that agrees with g on M \ U 0 and ã g-geodesicγ : [0, L] → M that merges γ 1 and γ 2 within U 0 . Since U 0 ∩ Z = ∅ and
By Lemma 2.5 we can make a small additional perturbation of the metricg within U 0 , if necessary, to arrange for x and y to not be conjugate alongγ.
Proof of Theorem 1.1
We now use the results of Section 2 to prove Theorem 1.1. The notation tr(γ) will mean the trace of a curve γ : I → M , i.e., tr(γ) = {γ(t) : t ∈ I}.
Proof. Let (x, y, g) ∈ M × M × G, and let n ∈ N. We consider the statement S(x, y, n, g) : there exist g-geodesics γ i : [0, L i ] → M from x to y, i = 1, . . . , n, which satisfy the following four properties:
(i) If x = y, then the set of tangent vectors
} at x are pairwise linearly independent, and the set of tangent vectors
at y are pairwise linearly independent. If x = y, then the set of tangent vectors
are pairwise linearly independent. Thus we cannot join γ i to γ j smoothly at x or at y, for any i, j ∈ {1, . . . , n}.
and y only at its endpoints. (iii) Any three of γ 1 , . . . , γ n are concurrent only at x and at y. (iv) The point x is not conjugate to y in the metric g along γ i |[0, L i ], for i = 1, . . . , n. We define H n (x, y) := {g ∈ G : S(x, y, n, g) is satisfied}. We make the following claim:
, and (iii) of S(x, y, n, g) are satisfied for all g ∈ G n (x, y).
Claim 3.1 implies that the set G n (x, y) is a dense G δ set for G with the C k topology, for k = 1, 2, . . . , ∞. Suppose P ⊆ M \ {x, y} is a set with m points, and g ∈ G n (x, y). Since g ∈ G 2m+1 , we can find 2m + 1 g-geodesics that satisfy (iii). If P were a blocking set for (x, y), then by the pigeonhole principle, at least three of these geodesics would pass through the same point in P , which leads to contradiction. Hence there is no finite blocking set for (x, y), and Theorem 1.1(1) follows from Claim 3.1.
Similarly, if we define H n := {(x, y, g) ∈ M × M × G : S(x, y, n, g) is satisfied} and H n := {(x, g) ∈ M × G : S(x, x, n, g)} is satisfied}, and we prove the following claims, then Theorem 1.1(2),(3) will follow by considering G n and G n , respectively.
, and (iii) of S(x, y, n, g) are satisfied for all (x, y, g) ∈ H n .
, and (iii) of S(x, x, n, g) are satisfied for all (x, g) ∈ H n .
We now prove Claim 3.1(a) by mathematical induction. For n = 1, let N be any non-empty C ∞ -open set in G, and let g ∈ N . Let γ : [0, L] → M be a ggeodesic from x to y. By restricting the domain of γ, if necessary, we may assume that γ((0, L)) ∩ {x, y} = ∅. Then we let ℓ = 1 and 0 = t 0 < t 1 = L in Lemma 2.5. By Lemma 2.5, there existsĝ ∈ N such that γ is also a unit speed geodesic forĝ and x is not conjugate to y along γ. If (x, γ ′ (0)) = (y, γ ′ (L)), then we let g 1 =ĝ, and
, that is, γ is a closed geodesic, then we apply Lemma 2.6 to obtain g 1 ∈ N and a g 1 -geodesic lasso
, and x / ∈ γ 1 ((0, L)). Then (i) , (ii), and (iv) are satisfied, and (iii) is vacuous. Since N is arbitrary, H 1 (x, y) is C ∞ -dense. Next we suppose H n−1 (x, y) is C ∞ -dense for some n ≥ 2, and we will prove that H n (x, y) is C ∞ -dense. Let N be any non-empty
. . , n − 1, so that properties (i) -(iv) are satisfied with n replaced by n − 1. By Theorem 2.1, there exists a g n−1 -geodesic γ : [0, L] → M from x to y, distinct from γ 1 , . . . , γ n−1 . If x = y, we also require γ to be distinct from −γ 1 , . . . , −γ n−1 , where −γ i is γ i traversed in the opposite direction.
By (i) and (ii), we have tr(γ) tr(γ 1 ) ∪ · · · ∪ tr(γ n−1 ). However, it may happen that tr(γ) contains one (or more) of the sets tr(γ 1 ), . . . , tr(γ n−1 ). If x = y, then we can restrict the domain of γ, if necessary, so that tr(γ) does not contain any of the sets tr(γ 1 ), . . . , tr(γ n−1 ). If x = y, then we can restrict the domain of γ, if necessary, to obtain a g n−1 -geodesic from x to y such that one of the following happens: (a) tr(γ) does not contain any of the sets tr(γ 1 ), . . . , tr(γ n−1 ); (b) γ consists of one of γ 1 , . . . , γ n−1 preceded by a g n−1 -geodesic from x to x; (c) γ consists of one of γ 1 , . . . , γ n−1 followed by a g n−1 -geodesic from y to y. If (a) holds, then we assume that tr(γ) does not contain any of the sets tr(γ 1 ), . . . , tr(γ n−1 ), and the rest of this paragraph can be skipped. So assume that one of cases (b) or (c) hold, and assume that the domain of γ has been restricted so that cases (b) and (c) do not hold for any further restriction to a proper closed subinterval of the domain. Let u 0 ∈ tr(γ)\[tr(γ 1 )∪· · ·∪tr(γ n−1 )] be such that u 0 is not a self-intersection point of γ, and let U 0 be an open neighborhood of u 0 such that U 0 ∩[tr(γ 1 )∪· · ·∪tr(γ n−1 )] = ∅. By Lemma 2.5, we can make a perturbation of the g n−1 metric within U 0 such that γ remains a geodesic, the new metric is in N , and neither of x or y is conjugate to either of x or y along an arc of γ. Then Lemma 2.6 applies with Z = {x, y}. Thus we may again perturb the metric within U 0 to produce a new metricĝ ∈ N and aĝ-geodesicsγ close to γ and different from γ 1 , . . . , γ n−1 , such thatγ meets x and y only at its endpoints. In particular, tr(γ) does not contain any of the sets tr(γ 1 ), . . . , tr(γ n−1 ). Since U 0 ∩ [tr(γ 1 ) ∪ · · · ∪ tr(γ n−1 )] = ∅, γ 1 , . . . , γ n−1 remain geodesics forĝ.
From the preceding paragraph, we have a metricĝ ∈ N and aĝ-geodesicγ : [0, L] → M from x to y such that γ 1 , . . . , γ n−1 areĝ-geodesics and tr(γ) does not contain any of the sets tr(γ 1 ), . . . , tr(γ n−1 ). Then tr(γ) ∩ [tr(γ 1 ) ∪ · · · ∪ tr(γ n−1 )] is a finite set. If n = 2, let Z = {x, y}; if n > 2, let Z be the collection of all intersection points between the trace of any two of γ 1 , . . . , γ n−1 . From (i) and (ii), we know that Z is a finite set. We also have x, y ∈ Z. We want to perturbγ so that it does not meet Z except at its endpoints. Letγ
. . , t l }, where 0 = t 0 < · · · < t ℓ = L, and denote z k :=γ(t k ), for k = 0, . . . , ℓ. Let s 1 ∈ (t 0 , t 1 ) , s 2 ∈ (t ℓ−1 , t ℓ ), s 1 < s 2 , u 1 :=γ(s 1 ), u 2 :=γ(s 2 ) be such that u 1 , u 2 / ∈ tr(γ 1 ) ∪ · · · ∪ tr(γ n−1 ) and u 1 , u 2 are not self-intersection points ofγ. We can apply Lemma 2.5 twice with s 0 = s i and U 0 = U i for i = 1, 2, where
Thus we obtain a metricḡ ∈ N such that γ 1 , . . . , γ n−1 areḡ-geodesics, and conditions (i) and (ii) in Lemma 2.6 hold for g replaced byḡ and γ replaced byγ. Hence, by Lemma 2.6, there is a metric g ∈ N such that γ 1 , . . . , γ n−1 areg-geodesics, and there is ag-geodesicγ from x to y that is different from γ 1 , . . . , γ n−1 , and does not meet any point of Z except at its endpoints. Moreover, by Lemma 2.6, we may chooseg andγ so that x and y are not conjugate alongγ in theg-metric. All of the perturbations of the metric can be done outside a neighborhood of tr(γ 1 ) ∪ · · · ∪ tr(γ n−1 ). We let g n =g. Then γ 1 , . . . , γ n−1 are g n -geodesics, and (iv) remains true for γ 1 , . . . , γ n−1 with the metric g n . Thus properties (i)-(iv) hold for γ 1 , . . . , γ n , where γ n =γ, and g is replaced by g n . Since N is arbitrary, we conclude that H n (x, y) is C ∞ -dense. This completes the proof of Claim 3.1(a).
Claim 3.2(a) and Claim 3.3(a) follow from Claim 3.1(a), becauseH n is C ∞ -dense in each fiber {(x, y)} × G, andĤ n is C ∞ -dense in each fiber {x} × G. Next we want to prove Claim 3.1(b). Let g ∈ H n (x, y), and suppose γ 1 , . . . , γ n are g-geodesics that satisfy properties (i)-(iv).
If we consider geodesics as curves in T 1 M , then they are solutions to a system of first order ordinary differential equations whose coefficients depend only on the first derivatives of the metric. For the purpose of defining C 1 distances between the given geodesics γ i and nearby curvesγ i , we extend the domain of γ i to [0, L i + 1]. The C 1 distance will be measured with respect to the natural metric on ∈ exp x,g (∂B i ) and the topological degree of exp x,g |∂B i is nonzero at y. Any continuous map f i : B i → U that is sufficiently close to exp x,g |B i in the C 0 topology also satisfies y / ∈ f i (∂B i ) , and the topological degree of f i |∂B i is nonzero at y. This implies y ∈ f i (B i ). (See, for instance, Theorem 1.1 of [3] .) Now we choose a C 1 -open neighborhood N 2 ⊂ N 1 of g such that ifg ∈ N 2 , then exp x,g is sufficiently C 0 -close to exp x,g on B i , i = 1, . . . , n, so that there exist y i ∈ B i with exp x,g y i = y. 
